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POLARS AND THEIR APPLICATIONS IN DIRECTED
INTERPOLATION GROUPS(Y)
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A. M. W. GLASS

Abstract. In the study of /-groups, as in many other branches of mathematics, use
is made of the concept of *orthogonal elements”. The purpose of this paper is to
show that this concept can be extended to directed, interpolation groups and that
most of the theorems in /-groups concerning polars hold in the more general setting
of directed, interpolation groups. As consequences, generalisations of Holland’s
and Lorenzen’s theorems are obtained and a result on o-simple abelian, directed,
interpolation groups.

1. Definitions, notation and basic facts. Let S be a partially ordered set. S will
be said to satisfy the interpolation property if and only if whenever s, t,u,ve S
and s, < u, v, then there exists x € S (not necessarily unique) such that s, t<x<u, v.
If, in addition, sV ¢ and s A ¢ do not exist in S unless s<¢ or ¢t<s, then S will be
called an antilattice set.

Let S be a partially ordered set and X< S. Then £(X), the set of lower bounds of
X in S, will denote {s € S : s=<x for all x € X} and #%(X), the set of upper bounds of
X in S, will denote {s € S : s=x for all x € X}. In the special case that X is finite,
say X={xi, ..., X5}, we will write L(x,, ..., x,) for £(X) and ¥(x,,..., x,) for
%(X). If s,te S, stt and t£s, then we will write s||z. & will denote the empty
set, < will denote strict containment and < will denote weak containment.

Throughout this paper, additive notation will be used for the group operation
(it is not to be assumed that the group is abelian). If G is a group and X< G, then
<X will denote the subgroup of G generated by X.

G is an interpolation group if and only if G is a p.o. group (partially ordered
group) whose partial order satisfies the interpolation property. It is easy to see
that G is an interpolation group iff whenever 0<g=<h,+h, and h;20 (i=1, 2),
then there exist g;, g, € G such that 0=g;<h; (i=1, 2) and g=g; + g.

If G is a p.o. group whose partial order is an antilattice set, then G is said to be
an antilattice. If G is an interpolation group, then €(G) will denote the complete
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lattice of convex d-subgroups (convex directed subgroups) of G (see [11]). In the
special case that €(G) is closed under set-theoretic intersection, G is said to be a
strong interpolation group. M € €(G) is said to be a value of ge G iff g¢ M and
M< N € 4(G) implies that g € N.

If G is a p.o. group and S<=G, then S* denotes {s€ S : s=0} and S~ denotes
{se S :s=0}. If Cis a convex subgroup, then u(C)=<C*) is the largest convex
d-subgroup of G contained in C (see [11]). If ng=0 for some positive integer n
implies g=0, then G is said to be semi-isolated, and if ng>0 for some positive
integer n implies g>0, then G is said to be weakly semi-isolated.

If A and B are p.o. groups, then 4 @ B, the cardinal sum of A and B, denotes the
group A @ B ordered by: (a, b)=0iff a20 (in 4) and =0 (in B) and 4 @~ B, the
lexicographic sum of A over B, denotes the group A @ B ordered by: (a, b) =0 iff
a>0 (in A) or (a=0and 520 (in B)).

Z (R) will denote the totally ordered additive group of integers (real numbers)
but Z* (R*) will denote {me Z : m>0} {re R : r>0}).

Let A be ap.o. set and let {G, : « € 4} be a family of semi-isolated abelian groups.
Let K=]1{G,: «€ A} and S(k)={c€ 4 : k,#0} for ke K. Let V=V(4, G,) be
the group {k € K : S(k) contains no infinite ascending sequence in 4}. For each
veV,let M(v)={ee A : v,#0 and v;=0 for all 8> «}. Define v> 0 iff v, > 0 for all
o€ M(v). Then, with this partial ordering, V is an abelian, semi-isolated group
(see [6]). W=Z(A4, G,)={v e V : S(v) is finite} is an abelian, semi-isolated subgroup
of V.

Suppose G is an I-group (lattice-ordered group). For each g € G, write |g| for
gV —g&. g heG are said to be orthogonal if and only if | g| A |h| =0. The polar of g,
p(g), is defined to be the set of all h € G which are orthogonal to g. If SSG, then
the polar of S, p(S)=\ {p(s) : s € S}. It is easy to verify that polars are convex
l-subgroups of G.

A generalization of the concept of polar is obtained by taking any convex
I-subgroup C of the /l-group G and defining p(g, C), the C-polar of g, to be
{xeG:|x|n|g|eC} and p(S, C), the C-polar of S, to be N {p(s, C) : s€S}
where g € G and S<G. This definition is indeed a generalization since the polar of
S is precisely the {0}-polar of S. It is due to R. D. Byrd (see [2] or [3]). C-polars are
convex /-subgroups of the /-group G and contain C.

If G is an l-group, then z<|g| iff ze L(%(g, 0, —g)); therefore, x € p(g) iff
PL(U(g, 0, —g) N L(U(x, 0, —x))=Z(0).

2. Definition of C-polars in directed, interpolation groups. Let G be a p.o. group
and fe G*. Let f*={he G* : hAf=0}. P, a map from G into the set of subsets of
G, is said to be a concept of polar if and only if

(1) P(g) is a convex subgroup of G for all g€ G,

(2) if ge G*, then P(g)=<g'>, and

(3) if g, he G. then g € P(h) iff h e P(g).
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For the remainder of this paper it will be assumed that G is a directed, interpola-
tion group and C € %(G).

LEMMA 1. Ifge G*, then X(g, C)={the G* : forallfe G, if f<g, h, then f<c,
for some c¢; € C} is a convex subsemigroup of G* containing C* (and hence 0). If
C={0}, then X(g, C)=g".

Proof. Suppose a, b e X(g, C) and that x<a+b, g; so there exists y € G such
that 0, x<y=<a+b, g. But 0=aq, b. Hence there exist y;, y, € G* such that y, <a,
and y,<b, and y=y,+y, (G is an interpolation group). Now y,, y, =y =g. Hence
y1=a, gand y,<b, g. Thus there exist ¢, d € C such that y, <c and y, < d. Therefore
x<y=c+deC. Consequently, a+b € X(g, C) and X(g, C) is a subsemigroup of
G*.If02h=<a and ae X(g, C), it is immediate that he X(g, C); so X(g, C) is
convex. Finally, if ce C* and x=<c, g, then x<c¢. Thus ce X(g,C) and C*
cX(g, C).

Let g€ G*. po(g, C)=<X(g, C)> and po(g)=po(g, {0}). If g€ G, then define
Po(g, C) to be po(—g, C) and po(g) to be po(—g). The following lemmas will lead
to a definition of C-polars of elements unrelated to 0.

LeMMA 2. If 0<g=<h, then po(g, C)2po(h, C). Hence if 0=g=h, then py(g, C)
2po(h, C), i.e. the further from O, the smaller the C-polar.

Proof. It is trivial to prove that if 0<g=<h, then X(h, C)< X(g, C). The result
follows at once from this.

LeMMA 3. po(g, C)=U {po(h, C) : he G such that h2g,0, —g} for all g€ G*
UG-,

The proof is easy and so is omitted.

Now define the C-polar of g € G, p(g, C), to be | {po(h, C) : he G such that
h2g, 0, —g} If ge G* U G, then p(g, C)=p(g, C) by Lemma 3. The polar of
g €G, p(g), is defined to be p(g, {0}).

THEOREM 4. For all g€ G, p(g, C) € €(G) and C<p(g, C). If P is a concept of
polar, then for all g € G, p(g)<P(g) and p is the unique concept of polar such that
p(g) e¥(G) for all geG.

Proof. If g is related to 0, then p(g, C) € 4(G) and C<p(g, C) by Lemma 3
and the remarks following Lemma 1. Now for all g€ G, {p(h,C) : h2g, 0, —g}
is an upper directed set under set-theoretic inclusion because of the interpolation
property and Lemma 2. Hence C<p(g, C) € €(G) for all g € G follows from the
special case when ge G*.

Suppose g € p(h, C). Then g € p(k, C) for some k=h, 0, —h. p(k, C) € €(G),
so there exist x, y € p(k, C)* such that g=x—y and there exists z € p(k, C)*
such that z=x,y. Hence z=g,0, —g and it follows from the definition that
p(z, C)<p(g, C). By definition, k €p(z, C)* (since k,z20, X(z, C)=p(z, C)*
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and X(k, C)=p(k, C)*), so kep(g, C). But —k=<h=<k and p(g, C) is convex.
Therefore, 4 € p(g, C). It now follows that p is a concept of polar.

If P is a concept of polar and g € G*, then P(g)={g*>=p(g), and if fe G and
0=k € p(f), then f € p(k) = (k*> =P(k). It follows that k € P(f) so p(f)< P(f) for all
f€ G and, similarly, P(f)* <p(f)* for all fe G. If P(g) is directed for all g € G, then

P(f)=p(f) for all feG.
CoROLLARY 4.1. Forall g, he G, g p(h, C) iff hep(g, C).

COROLLARY 4.2. If G is an I-group then the definition given for I-groups coincides
with the one given here.

Proof. This follows from the fact that if G is an /-group, then C is a
convex /-group of G if and only if C is a convex directed subgroup of G.
An alternative possible definition of the polar of g € G is given by

pi(g) ={xeG: LU0, —g) N L(Ux, 0, —x)) = Z(O)}.

As has already been noted, this definition agrees with that for /-groups in the case
that G is an l-group. However, p, is not a concept of polar as property (2) need not
hold (see, e.g., R@ R ordered by: (x, y)>0 iff x>0 and y=0). If G is even (i.e.,
every g € G can be expressed as 2h for some 4 € G) and strongly semi-isolated (no
sum of conjugates of an element g 20 is =0), then it can be shown that p, satisfies
properties (1) and (3) of the definition of a concept of polar.

If G is an antilattice, then p(g)={0} for all g>0 and hence p(g)={0} for all
g € G\{0}. Consequently, the polars in an antilattice are trivial ({0} or G). This is
in contrast to p, as is seen from the example mentioned above. In the case that S
is a subset of G, the C-polar of S, p(S, C), can be defined to be [ {p(s, C) : s€ S}
=u(N {p(s, C) : s € S}). It now follows that C-polars (and so polars, which are
{0}-polars) are convex d-subgroups which contain C. Observe that p(g, C)
=p({g}, C).

The definition can be extended to K-polars, where K is a convex subgroup (not
necessarily directed) of G. However, if the definition is given with K in place of C,
it is easy to see that p(S, K)=p(S, u(K)). Hence nothing is gained by this extra
generalization.

3. Properties of C-polars. In this section, proofs of results will often be omitted
since they can be obtained by adapting those for /-groups (to be found in [2] or [3]).
Some proofs will be given as samples. It cannot be stressed too much that extreme
care must be taken in the adaptation. Although most of the results which hold for
polars in l-groups are true for polars in directed, interpolation groups, not all
results carry over. Examples will be given in cases where the analogue fails.

LemMA 5. (i) If x,y € G*, then p(x, C) N p(y, C)=p(x+y, C).
(i) If S and T are subsets of G and S<T, then p(T, C)<p(S, C).
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Proof. We prove that p(x, C)* N p(y, C)* <p(x+y, C)*. The rest of the proof
is elementary. Suppose z € p(x, C)* Np(y, C)* and 0St<z, x+y. As G is an
interpolation group, there exist u, v € G* such that u+v=¢ and u<x and v=y.
Now 0=<u<z x and 0=Sv=<z,y. Hence u,ve C. Thus te C and the proof is
completed.

LEMMA 6. (i) If S is a subset of G, then the following are equivalent:
(a) S=C.
(®) p(S, C)=G.
(©) S<p(Ss, C).

(ii) For all ge G, p(g, C)=G if and only if g € C.

Proof. We prove (c) — (a). Assume S<p(S, C). Then s € p(S, C)<p(s, C) for
all s € S. Consequently, there exists g=s, 0, —s such that s € p(g, C). But p(g, C)
is directed. It follows that there exists 4 € p(g, C) such that A=s, 0, —s. Now
s, —s<h,g and he X(g, C). Hence there exists ¢, ¢, € C such that s<¢; and
—5Z ¢, Therefore, —c,<5=c; and so s € C. Thus S<C.

Lemma 7. (i) If L, M € €(G) and L= M, then p(S, L)<= p(S, M) for all ScG.
In particular, if A, B € €(G), then p(S, A N B)<p(S, A) N p(S, B).

(i) If S € €(G), then p(S, C)=u(N {p(s, C) : s S*}).

(iii) If S, A, B€ €(G), then p(S, A) N p(S, B)=p(S, A N B). In fact, p(g, A)
N p(g, B)=p(g, AN B) forallge G* VU G~.

(iv) If S € €(G), then p(S, C)=p(S, S N C).

A definition of higher C-polars is now given using induction on the positive
integer n. Let S be a subset of G. p*(S, C)=p(S, C) and p***(S, C)=p(p"(S, C), C),
the (n+1)th C-polar of S. Forallne Z*, C<p™(S, C) € (G) for each S=G. By
Lemma 5(ii), if SST<G, then p*(S, C)<=p*(T, C)=p*G, C)=G (this last fact
follows from p(G, C)=C and Lemma 6(i)).

Let S be a subset of G. S is said to be weakly positive if and only if for all s € S,
there exist s;, S, € S* U S~ such that s, Ss<s,.

LemMA 8. (i) For every subset of S of G, S* U S~ <p*(S, C). If S is a weakly
positive set, then S<p*(S, C).

(i) If G is a strong interpolation, directed group, then S<p*(S, C) for every subset
of G.

Proof. (i) It is immediate from Corollary 4.1 that S= (") {p(x, C) : x € p(S, C)}
and so S* U S~ <p(S, O).

(i) If G is a directed, strong interpolation group, then () {p(x, C) : x € p(S, C)}
=P2(S, 0).

Since every l-group is a strong interpolation, directed group, S<p*(S, C) for all
S<SG holds for l-groups. A directed, interpolation group G is said to be a strong
C-polar group if and only if S<p?(S, C) for every subset S of G.
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Let A=Z~ U {a} where a<c for all e € Z~ and Z - has the usual ordering. Let
R,=R if c€ Z~ and let R, be the totally unordered additive group of reals. Let
G=V(4, R,). Then G is a strong {0}-polar group (if S# &, {0}, then p(S)={0})
but not a strong interpolation group (see [9]).

Note that if S € €(G), then S is a weakly positive set as is every set of positive or
negative elements of G.

LemMA 9. (i) p(S, C) N p*(S, C)=C for every subset S of G.

(ii) If C<S and S is a weakly positive set, then p(S, C) N S=C.

(iii) If C< S and G is a strong interpolation, directed group, then p(S, C) N S=C.

(iv) If C< S € €4(G), then p(S, C) is the largest convex d-subgroup of G whose
intersection with S is contained in (or equal to) C.

Proof. (i) It is enough to show that if 0=g € p(S, C) N p*(S, C), then ge C.
This follows at once from Lemma 6(i).

(ii) and (iii) follow from the previous lemma.

(iv) Suppose M e%(G) and M N S<C. Let 0Zxe M and 0<seS. Then
x € p(s, C)*. By Lemma 7(ii), M<p(S, C).

LemMma 10. (i) For every subset S of G, p(S, C)<=p3(S, C) and p*(S, C)=p*(S, C).

(i) If S<p*(S, C), then p(S, C)=p*(S,C).

(iii) If S is a weakly positive set, p(S, C)=p’(S, C).

(iv) If G is a strong interpolation, directed group, then p(S, C)=p*(S, C) for
every subset of G.

Proof. (i) By Lemma 8(i), p(S, C)=p3(S, C), since p(S, C) € €(G). Hence
PA(S, C)<p?(S, C). Using p*(S, C) € €(G), p*(S, C)=p*(S, C) by Lemma 8(i).
(ii) If S<=p*(S, C), then p3(S, C)<=p(S, C).
A directed, interpolation group G is said to be a weak C-polar group 1f and only if
P3(S, C)=p(S, C) for all subsets S of G. The above lemma shows that every strong
C-polar group is a weak C-polar group. The converse is false.

At this stage, it is probably helpful to illustrate the above results with an example.
For this purpose, consider valuation groups.

Let A be a p.o. set and R,#{0} be a trivially ordered subgroup of the reals or a
subgroup of R, and let ¥=V(4, R,). If V is an interpolation group (i.e., satisfies
Teller’s condition—see [17]), then if ve V*, p(v)={ueV* : if a € M(v) and
B € M (u), then there does not exist y € 4 such that y <«, 8}>. Hence all the polars of
elements of ¥ can be found.

Now consider A=Z* U Z~ U {0} partially ordered as follows: let «, Be 4;
then o< B iff either

(i) «, € Z~ and «<p in the usual ordering on Z -, or
(ii) e=0and Be Z-, or
(iii) c€e Z*, Be Z~ and o= —B in the usual ordering on Z'*.
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p. 0. set A

!
L

(=]
Oememeees

Let R,=R if « € A\{0} and let R, be the trivially ordered reals. V=V (4, R,)
is a directed, interpolation group by [17]. Let v € ¥ (4, R,) be defined by

v, =0 ifas#0,
=1 ifa=0.

Then v]|0 and u>v, 0, — v iff there exists « € M (u) such that « € Z ~. It is immediate
that p(v)={xe V : x,=0if e € Z~ U {0} and there exists B € Z* such that x,=0
for all « = Bin the natural ordering of Z*}, p2(v)Su({x € V : x,=0ife=Z*+ U Z"}))
={0} (this can be seen by letting ne Z+ and x™ e V'* be defined by x™=1 if
a=1,...,n and x{P=0 for all other a € 4. x™ ep(v)* for every ne Z*+ and
px™)={yeV*:y,=0 for all ke Z* U Z~ such that |¢|<n in the natural
ordering on Z*}); p!()<[1{p(x™) : ne Z*}=p({x e V : x,=0 if a#0})={0}).
Hence p?(v)={0} and v ¢ p(v). Furthermore, p(v)<G=p(0)=p3(v). Thus V is
neither a weak {0}-polar nor a strong {0}-polar group. This is unlike the /-group
result.

Let A be defined as above and let B=A4 U {0}. B has the same partial order as 4
except that O<« for all e € Z~. Let R;=R if B € B\{0} and let R, be the trivially
ordered reals. Let W=2X(B, R;). Then W is a weak {0}-polar group but, as above,
it is not a strong {0}-polar group.

LemMA 11. p3(S N T, C)<p*(S,.C) N p* (T, C) for all subsets S,T of G. If
S, T € €(G), then p*(S, C) N pXT, C)=p*(S N T, C). Equality does not hold for
arbitrary S, T subsets of G, nor does p*("\ {S, : « € A}, C) equal [{p*S,, C) : « € A}
when {S, : « € A}=€(G), even if G is an l-group.

Proof. The only difficulty is showing that if S, T e%(G), then p*(S, C)*
NPT, CO)*<p(SNT,C)*.Let 0= x e p*(S, C)NpXT,C)and 0=y ep(SNT, C).
Let se S* and teT*. Suppose that 0Sw=x, y,s,t. Then we SN T and 05w
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=w,y. Thus we C, and so if 0Sa=<x,y,s, then a € p(t, C)*. This holds for all
t e T*. Therefore, a € p(T, C) by Lemma 7(ii). Now x € p*(T, C) and 0=a=<a, x.
Thus a e C. Hence if 0Sv=<x,y and 0Sw=v, s, then we C, ie. vep(s, C) and
this holds for all s € S*. Consequently, v € p(S, C). But x € p%(S, C) and sove C.
It now follows that x € p(y, C). Therefore x € p2(SN T, C).

LEMMA 12. If {S, : o € A} is a family of subsets of G, then p({J {S, : o € 4}, C)
=l"(n {P(Sa, C) : OCEA}). Iffor all a€ A, Sae?(G), then p(U {Sa . 'XEA}, C)
=p(U{S. : e € 4}, O).

LEMMA 13. If {S, : a € A} is a family of subsets of G, then

(S5, C) € P2 (U {p(Ss, C) : «€ 4}, C) = p> KU {p(Ss, C) : e € 4}, C)

for all Be A. Moreover, p?(\J {p(S., C) : «a € A}, C) is the least C-polar of a weakly
positive set which contains each p(Ss, C). If G is a weak C-polar group, then it is
the least C-polar containing each p(S;, C).

That p?(U {p(S,, C) : @€ 4}, C) is not the least C-polar containing each
P(S;, C), in general, can be seen from the example on pp. 6 and 7 with S, ={v} for
all Ae A,

LeMMA 14. If A, B € %(G), then p*(p(4, C) U p(B, C), C)=p(4 N B, C).

Let 7(G, C)={p(S, C) : Sis a subset of G}, #(G, C)={p(S, C) : Sis a weakly
positive subset of G} and #(G, C)={p(S, C) : S € €(G)}.

LEMMA 15. #(G, C)=%(G, C). (G, C)=%(G, C) if and only if G is a weak
C-polar group.

Notice that if G is a directed, strong interpolation group (and so, in particular,
if G is an /-group), then 7 (G, C)=4%(G, C) for all Ce ¥(G). If C=G, 7 (G, C)
=4%(G, C)={G}. For the rest of this section, suppose C#G.

The machinery has now been established to prove the main theorem of this
section concerning the structures of Z(G, C) and 7 (G, C).

THEOREM 16. (i) #(G, C) is a complete Boolean algebra under inclusion, which
is a complete lower subsemilattice of €(G), but not necessarily a sublattice of €(G),
even if G is an l-group. Moreover,

LI{p(Co, C) : e 4} p(B,MC) = LI{p(Co, C)MP(B, C) : € 4}

where B, C, € €(G) (o € A).

(ii) J(G, C) is a complete lattice which is a complete lower subsemilattice of
%(G) but not necessarily a sublattice of €(G) even if G is an I-group. 7 (G, C) is not
complemented, in general.

(iii) (G, C) is a complete lower subsemilattice of T (G, C), but may not be a
complete sublattice of 7 (G, C).
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Suppose that £, %, and %, are lattices. Let =, 7, be lattice homomorphisms of
Z into &, &, respectively. =, =, iff (for all L, M € &, if Lmy= Mrm,, then Lm, =
M), If %, has a least element, say 0, then ker (m)={L e % : Lw,=0}.

THEOREM 17. Let n,: €(G) — #(G, C) be defined by: Bm.=p*(B, C), B € ¢(G).
m is a lattice homomorphism of €(G) onto #(G, C) and C is the largest element of
ker (m)={B € €(G) : Bn,=C}. Actually, if ¢ is any lattice homomorphism of €(G)
into a lattice with a 0 such that C is the largest element of ker (p), then p <. Thisisa
characterization of m,.

Proof. We prove the last part of the theorem. Suppose & is a lattice with a 0
and that ¢: €(G) — Z is a lattice homomorphism with C the largest element of
ker (p). Let B € €(G) and define A(B)={M € €(G) : MpAgBp=_Ceq}. If M € A(B),
then M N BSC, by hypothesis. Hence M<p(B, C © B)=p(B, C) by Lemmas
9(iv) and 7(iv). Moreover, (p(B, C) N\ B)p=(p(B, C N B) N\ B)p=(B N C)p=Cep.
Thus p(B, C) € A(B), and so is the largest element of A(B). Consequently, if
Mo =Ng, p(M, C)=p(N, C); therefore, Mmo= Nng.

It should be observed that = is a complete upper semilattice homomorphism.
Another map that might be considered is ¢: #(G, C) — %#(G, C) defined by
p(B, C)p=p*B, C), Be¥(G).

THEOREM 18. If @: B(G, C)— B(G, C) is defined by p(B, C)p=p*(B, C),
B e €(G), then ¢ is a complete lattice anti-isomorphism of #(G, C) onto #(G, C).

B e %(G) is called a cardinal summand of G if and only if there exists 4 € €(G)
such that G=A4 @ B and a C-cardinal summand of G if and only if there exists
A € €(G) such that A " B=Cand 4 || B=G. Following Byrd [3], it will be shown
that every C-summand (i.e. C-cardinal summand) is a C-polar and hence every
cardinal summand is a polar. This is done in the following lemma.

LemMa 19. (i) IfG=A H; Band C< M € €(G), then M=(M N A) B¢ (M N B).
(ii)) If G=A B¢ B, then A=p(B, C) and B=p(4, C).

Proof. (ii) Suppose G=A @ B. By Lemma 9(iv), A<p(B, C). Let x € p(B, C)*.
There exista,,...,a,€ At and by, ..., b, € B* such that x=a,+b,+ - - - +a,+b,.
Now 0=b,<b,, x for 1Zi<n. Hence b,e C, 15i<n. Thus xe {4 U C)*=4"*
since C< 4. Consequently, p(B, C)< 4 and the proof is complete.

Let A#(G,C)={Be¥(G): B is a C-summand of G}. If Be #(G, C), then
G=A B¢ B for some A €%(G) and B=p(4, C)=p*(B, C). However, Be %(G)
and B=p*(B, C) do not imply B € .#(G, C). This can be seen by taking G to be the
I-group of continuous real-valued functions and B={f'e G : f(x)=0 for all x>0}.
B=p?B) but B| | p(B)={f€e G : f(0)=0}+#G. Hence B ¢ .#(G, C).

THEOREM 20. (G, C) is a distributive sublattice of both %(G, C) and €(G).
Indeed, #(G, C) is a Boolean subalgebra of %(G, C) but not, in general, a complete
Boolean subalgebra of #(G, C) even when G is an l-group.
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4. Prime subgroups and C-polars. Instead of examining
#(G, C) = {p(B,C) : Be¥(G)}

where C is fixed, we now consider (G, B)={p(B, C) : C e ¢(G)} for a fixed
B e €(G). By Lemma 7(iv),

(G, B) = {p(B, C) : Cc¥(G) and C < B} = {p(B, C) : Cc¥€(B)}.

Observe that 2(G, G)=%(G).

A certain type of convex d-subgroup will play an important role in the following.
C € 4(G) is said to be a prime subgroup of G if and only if it is finitely meet irre-
ducible in €(G), i.e. if Cy, C; € €(G) and C=C,; N Cy, then C=C; or C=C,.

LemMMA 21. (i) C is a prime subgroup of G iff C € €(G) and whenever A, B € €(G)
are such that A N B< C, then A< C or B<C.

(ii) If C is a prime subgroup of G, a, b€ G* and a A b exists in G, thenifanb e C,
eitherae Cor be C.

(iii) If G is an I-group and C € €(G), then the converse of (ii) is true.

Proof. (i) Suppose C is a prime subgroup of G, 4, Be ¢(G) and 4 N BSC.
Assume by way of contradiction, that 4, B¢ C. Then there exist a e A*\C and
beB*\C. aepa, C)e¥(G), bep(a,C)e¥(G) and p(a, C) N p*@a, C)=C.
Hence p(a, C)=C or p*(a, C)=C, since C is prime. Thus b € C or a € C, a contra-
diction. The converse is a fortiori.

(ii) Follows similarly.

The following lemma is easy to check:

LeMMA 22. If G is a directed, interpolation group and C € %(G), let R(C)
={C+g : g € G}, the right cosets of C in G. Then R(C) is a directed set satisfying
the interpolation property under the ordering: C+g<C+h iff there exists ce C
such that c+g < h. Furthermore, if gV h (g A h) exists in G, then C+x+gV C+x+h
(C+x+gAC+x+h) exists in R(C) and is equal to C+x+(gV h) (C+x+(gAh)
and C+g+xVC+h+x (C+g+xAC+h+x) exists in R(C) and is equal to
C+(gvh)+x (C+(gAh)+x) for all x e G.

If G is an I-group and C € ¥(G), then {B e €¢(G) : C< B} is totally ordered by
inclusion if and only if C is a prime subgroup of G. That this is not the case for
directed, interpolation groups was shown in the example following Theorem B of
[11]. However,

THEOREM 23. Let G be a directed, interpolation group and C € €(G). (1) - (2)
«»(3) but (2) 4> (1), in general, where (1), (2) and (3) are given by

(1) {B e €(G) : C< B} is an antilattice under inclusion.

(2) C is a prime subgroup of G.

(3) R(C) is an antilattice set under the partial order of the previous lemma.
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Proof. Since {B € %(G) : C<B} is a lattice under inclusion, the example cited
above shows (2) > (1). That (1) — (2) is obvious.

(2) > (3). Suppose C+gAC+h exists and =C+k. Then C+g—kAC+h—k
exists and =C. Hence, without loss of generality, g, 1=0 and k=0. Since C is
prime, p(g, C)=C or p%*(g, C)=C. It is easy to check that h € p(g, C) and, by the
fact that g20, g€ p?(g, C). Thus ge C or he C; so C+g=C or C+h=C. A
similar argument holds if C+g v C+h exists.

(3) = (2). Similar to the proof of Lemma 21(i).

Using Lemma 22, if G is an /-group and C is prime, then R(C) is totally ordered.
It is easy to see that (2) — (1) if G is an /-group and so all three conditions are
equivalent in this case.

THEOREM 24. Let B e €(G). Then P(G, B) is a complete distributive lattice
under inclusion, but it is not a sublattice of €(G) even if G is an I-group. If p5: €(B)
— P(G, B) is defined by Cpp=p(B, C) where C € €(B), then g is a complete lattice
isomorphism of €(B) onto #(G, B). If C is a prime subgroup of G, and B&C, then
C=(B N C)ps. Moreover, C is a prime subgroup of B if and only if p(B, C) is a
prime subgroup of G and C is a value in B if and only if p(B, C) is a value in G of
some element of B. In particular, if B=G(g)={xe G : mg=x=<ng for some
m,neZ} and g€ G*, then C is a maximal convex d-subgroup of B if and only if
P(B, C) is a value of g in G.

Proof. By the lemmas of the previous section, it is easy to show that ¢ is a
complete lattice isomorphism of €(B) onto #(G, B). If C is a prime subgroup of
G and B4 C, then there exists b€ B*\C. C=p(B, C) N p*(B, C) and b € p*(B, C).
Hence C=p(B, C)=p(B, BN C)=(B N C)gg. If C is a prime subgroup of B and
K,Le¥%(G) are such that KN L=p(B, C), then BN KN L=C. Therefore,
BN K=Cor BN L=C. Hence K<p(B, C) or L<p(B, C) (by Lemma 9(iv)) and so
p(B, C) is a prime subgroup of G. The converse is proved similarly. If C is a value
in B, say of b € B, then it is easy to prove p(B, C) € #y(b). If p(B, C) is a value
in G of b e B, then b ¢ p(B, C) N B=C. If C< M € €(B), then p(B, C)<p(B, M)
so b e p(B, M) n B=M. Thus C is a value in B of b. The example is given by an
l-group.

The next theorem develops the relationship between prime and polar.

THEOREM 25. If C, B € €(G) and C< B, then the following are equivalent:

(i) C is a prime subgroup of p*(B, C).
(ii) C is a prime subgroup of B.

(iii) p(B, C) is a prime subgroup of G.

@iv) p(B, C)=p(b, C) for all b e B*\C.

(v) p(B, C) is a maximal C-polar of a convex d-subgroup of G.

(vi) p*(B, C) is a minimal C-polar of a convex d-subgroup of G.

(vii) p%(B, C) is a maximal convex d-subgroup with respect to the property of
having C a prime subgroup.



12 A. M. W. GLASS [April

Proof. (vii) — (i). A fortiori.

(i) — (ii). B € %(G) and so B<p?(B, C). The result now follows at once.

(ii) <> (iii). By Theorem 24.

(ii) — (iv). For all b€ B*, p(B, C)<p(b, C). If there exists b € B*\C such that
p(B, C)#p(b, C), then choose x € p(b, C)*\p(B, C). Now

p(B, C) = (N {p@a, C) : ae B*}).

Hence there exists a € B* such that x ¢ p(a, C). Consequently, there exists y € G\C
such that 0<y<aq, x. B and p(b, C) are convex. Thus ye BN p(b, C). But Cis a
prime subgroup of B (by (ii)) and so C=p(b, C) N Bor C=p?, C) N B. However,
y € (p(b, C) N B)\C and b € (p*(b, C) N B)\C, a contradiction. It now follows that
p(B, C)=p(b, C) for all be B*\C.

(iv) = (v). Suppose C< D € €¢(G) and p(B, C)=p(D, C)=G. Now D¢ p(B, C)
(otherwise D=D N p(B, C)=D N p(D, C)=C and so p(D,C)=G, a contra-
diction). Hence there exists d € D*\p(B, C). By Lemma 7(ii), there exists b € B*
such that d ¢ p(b, C). Thus there exists u € G\C such that 0 Su < b, d. Consequently,
ue (D n B)*\C. By (iv), p(D, C)=p(u, C)=p(B, C).

(v) — (vi). Trivial.

(vi) — (vii). Suppose that C is not a prime subgroup of p*(B, C). Then there
exist K, L € €(p*(B, C)) such that C<K,L and C=K N L. Hence there exist
ke K*\C and feL*\C. Let N=G(k)={x€ G : nk=x=mk for some m,ne Z}
€ 4(G). NcK. Let M={N U C)<= K<p*(B, C). Therefore, C<p*(M, C)<p*B, C)
since k € p(M, C)\C. By (vi), p*(M, C)=p*(B, C) and so p(M, C)=p(B, C).
Let xeM*. Then xeK*, and as KNnL=C, fep(x, C)*. Consequently,
fep(M, C)=p(B, C). It follows that fep(B, C) N Lsp(B, C) N p*B, C)=C,
a contradiction. Hence C is a prime subgroup of p*(B, C) and so (i) holds. By
what has already been shown, (iv) holds. It is now easy to prove that if p*(B, C)
cDe%(G) and C is a prime subgroup of D, then p(D, C)=p(B, C) and so
D<p*(D, C)=p*B, C). Thus p*(B, C)=D. Q.E.D.

COROLLARY 25.1. If C< B, C, B € ¢(G) and C is a prime subgroup of B, then the
following are equivalent:

(a) C is a prime subgroup of G.

(b) p%(B, C)=G.

(© p(B, C)=C.

THEOREM 26. If C € €(G) and C+#G, then the following are equivalent:
(1) C is a prime subgroup of G.

) 7(@G, C)=2.

3) %G, C)=2.

The proof is easy.
COROLLARY 26.1. {0} is a prime subgroup of G if and only if G is an antilattice.
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Proof. G#{0} is an antilattice if and only if 7(G, {0})=2.

This concludes the section. One remarkable fact about the last two sections is
that there is so much similarity between the /-group case and the directed, inter-
polation group case, despite the fact that “prime” is much weaker in the latter
and |g| may not exist if g||0.

5. C-carriers and principal C-bipolars. If G is an /-group and C is a convex
Isubgroup of G, then C-carriers are defined (by Byrd) as equivalence classes of
positive elements of G with respect to C-polars, i.e. gM©@ (the C-carrier of g)
={he G*; p(h, C)=p(g, C)} for g G*. It is clear that this definition can be used
when G is a directed, interpolation group and C € ¥(G). In [9], Fuchs defined the
carrier of ge G* to be {he G* : X,=X,} (where X,={keG* : gnk=0}) for G
a directed, interpolation group (p(g) was not defined in [9]). His definition agrees
with the one given here if C is set equal to {0}. It is easy to see that

LeMMA 27. g"© is a convex subsemigroup of G* for all g€ G*. Moreover, if
hegh©®andx, y € G*, then x+h+y e (x+g+y) .

Now for fixed C € €(G), let X'(G, C)(={g"© : g € G*}. Define a partial order
X'(G,C) as follows: Let g, he G*. Then g" @ <h © iff p(h, C)=p(g, C). The
following theorem extends a result (for C={0}) of Fuchs. The proof is essentially
the same as that given in [9].

THEOREM 28. X'(G, C) is a directed set with a least element. For all g, he G*,
(g+h)"© is the least upper bound of g"‘© and h"© in A (G, C). Hence X' (G, C)
is an upper semilattice. Indeed, X (G, C) is distributive in the sense that if gh©
AhN© exists in (G, C), then so does (g" @ v fAO) A (RN v fAO), and it is equal
to (gNONRNO)YY ANO and if also g O NKNO exists, then so does g'©
ANV EN®) and it is equal to (8" ARNO)y (gNOVEN®). If H(G,C)
is finite, then it is a Boolean algebra.

LeMMA 29. Let ¢: G* — X (G, C) be defined by gp=g", for g€ G*. Then ¢
is an order-preserving map of G* onto X' (G, C), with kernel, C*, which preserves
all finite suprema and infima which exist in G. In the case that G is an l-group,
X (G, C) is a lattice and ¢ is the maximal lattice homomorphism having C* as kernel.

Proof. The first part is routine. The second part is due to an extension of a result
of R. S. Pierce (see [8]). Cf. Theorem 17.

A structure which is for all practical purposes the same as X (G, C) is the set of
principal C-bipolars of positive elements of G, 2(G, C)={p*(g, C) : g€ G*}. The
next theorem shows that the two structures are tied together.

THEOREM 30. Let @: X (G, C) — D(G, C) be given by g" Cp=p*(g, C). Then ¢
and ¢~ are upper semilattice isomorphisms that preserve finite infima whenever they
exist. Also, p*(g, C)*={he G* : h<k for some k € g"®}, for g e G*.



14 A. M. W. GLASS [April

Proof. It is easy to check that p*(g+h, C) is the least upper bound of p*(g, C)
and p?(h, C), whenever g, h € G* (since p*(g, C)=p(g, C) if g€ G* and p(g+h, C)
=p(g,C)Nph,C)). Let geG* and S={heG* : h<k for some keg'©}.
If he S, then h € p*(g, C)*. Conversely, if hep*(g, C)*, then h<g+hegh©. It
follows that 4 € S and so S=p?(g, C)*.

If gA@=hAO, then p*(g, C)=p*h, C) and if g)P#£h O, then p(g, C)+#
p(h, C); as p’(g’, C)=p(g’, C) for all g’ € G+, p*(g, C)#p*h, C). Consequently, ¢
is an upper semilattice isomorphism.

This theorem extends Byrd’s corresponding theorem for /l-groups.

The section closes with a result linking C-carriers to prime subgroups (cf.
Theorem 25).

THEOREM 31. Let g € G*\C. Then the following are equivalent:

(1) g"©@ is a minimal C-carrier.

(2) p(g, C) is a prime subgroup of G.

(3) P*(g, C) is a maximal convex d-subgroup with respect to the property of having
C a prime subgroup.

Proof. g € p*(g, C)\C and p*(g, C)=p(g, C) so (2) and (3) are equivalent by
Theorem 25.

(2) = (1). If g"© is not a minimal C-carrier, then there exists # € G*\C such
that A\ © < gA©, Hence p*(g, C)<p®(h, C)=G and p%(g, C) is a maximal C-polar
of a convex d-subgroup of G (by Theorem 25), a contradiction.

(1) = (3). By Theorem 25, it is enough to show that C is a prime subgroup of
P%(g, C). By way of contradiction, assume that g" is a minimal C-carrier and C
is not a prime subgroup of p%(g, C). Then there exist K, L € €(p*(g, C)) such that
KNL=C and C<XK, L. Choose k € K*\C and fe L*\C. By Theorem 30, there
exist h, b’ € g"© such that f<h and k<Ah'. Hence fA©, kN©O<gh© and as
kAN@, fA@ LA, A = gh@ = fA©® But k ¢ p(k, C) and k € p(f, C) so kMO %
SO, a contradiction.

COROLLARY 31.1. Let 0<g € G. The following are then equivalent:

(1) g" is a minimal carrier, where g" =g"‘® and a carrier is a {0}-carrier.
(2) p(g) is a prime subgroup of G.

(3) p%(g) is a maximal antilattice subgroup of G.

6. Filters and prime subgroups. Several results about /-groups have been ob-
tained using ultrafilters on the nonnegative elements of an /-group (e.g., [1], [14]
and [16]). In [2], Byrd showed that prime filters correspond to prime subgroups
and, in this correspondence, ultrafilters correspond to minimal prime subgroups.
This is not the case for directed, interpolation groups because R(C) is not neces-
sarily totally ordered even if C is prime (see Theorem 23). However, a correspon-
dence can be established between prime filters and prime subgroups. As before, G
will be a directed, interpolation group.



1972] POLARS AND THEIR APPLICATIONS 15

Let N=G~. A nonempty subset F of G\N is said to be a filter (on G\N) if and

only if
(i) whenever x, y € G are such that x<y and x € F, then y € F, and

(ii) whenever x, y € F, there exists z € F such that z<x, y.

Observe that if G is an /-group, then (ii) can be replaced by: whenever x, y € F,
then x A y € F (this is the usual definition of filter).

A maximal filter is called an wltrafilter. A filter F is said to be prime if and only
if whenever x, y € G and x+y € F, then x € F or y € F. A filter is said to be normal
if and only if it is invariant. In [2], Byrd showed that if G is an /-group, then every
ultrafilter is prime. This is not true for directed, interpolation groups. Let
G=R @~ Z where Z is totally unordered (i.e., (r, n) >0 iff r>0). Let

F={@r,mn:r>0v{0,?2).

F is an ultrafilter which is not prime since (0, 1)+(0, 1)=(0, 2) € F but (0, 1) ¢ F.
An alternative definition of prime might be: #(g, h)<F implies that ge F or
h € F. With this definition, the same difficulty remains.

Observe that if G is a semi-isolated, directed, interpolation group and F is a
prime filter, then if x, y € F, it follows that x+ye F (x=(x+y)—y and —y ¢ F).

Suppose C € €(G). Then C is called a strong prime subgroup of G if and only if
{C+g : g€ G}=R(C) is totally ordered. It is easy to see that if C is a strong prime
subgroup, then {4 € €(G) : C= A} is a chain, and so C is a prime subgroup of G.
In [11] following Theorem B, an example was given of a prime subgroup of a
directed, interpolation group which is not a strong prime subgroup. The same
example showed that there exists B € €(G) such that B contains a prime subgroup
(namely {0}) but is not itself a prime subgroup. However, if B € €(G) and B contains
a strong prime subgroup, then B is itself a strong prime subgroup. If G is a directed,
strong interpolation group and 4" is a chain of strong prime subgroups, then
() A is a strong prime subgroup. However, if G is only a directed, interpolation
group, then [T]4" need not be a strong prime subgroup. The example on p. 6
shows this.

LemMma 32. Let C be a prime subgroup of G. Then F(C)={ge G : C<C+g}is
a filter which is normal if C  G. If C is a strong prime subgroup of G, then F(C) is
a prime filter. If C,, C; are distinct prime subgroups of G, then F(C,) and F(C,) are
distinct and if C; is a strong prime subgroup of G and C,< C,, then F(C))S F(C,).

Proof. Routine verification using the fact that R(C) is an antilattice if C is prime.

Notice that if C is not a strong prime subgroup, then F(C) is not necessarily a
prime filter; e.g., let G=R B* R (i.., (a, b)>0 iff a>0 and b>0) and C={(0, 0)}.
(-1,2), (2, —1) ¢ F(C) but (1, 1) € F(C). Moreover, if C is a prime subgroup of
G, {g€G: C+g£C} is not in general a filter (for, with the above example,
1,0,0,1)e{geG: C+g£C}butif (x,y)=(1, 0), (0, 1), then (x, y) € N).
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LeMMA 33. Let F be a prime filter and C(F)=p({ge G* : g ¢ F}). Then C(F)
is a prime subgroup of G. If F is normal, then C(F) 1 G. If F,<F,, then C(Fy)
<C(Fy). In general, F is a normal, prime ultrafilter does not imply that C(F) is a
strong prime subgroup.

Proof. That C(F) e ¢(G) is trivial as is the normality. If 4, Be %¢(G) and
C(F)< A, B, choose ae A*\C(F) and b € B*\C(F). a, b € F, so there exists ze F
such that z<a, b. Hence there exists x € G such that 0, z<x=<a, b, and it follows
that x € F. Therefore, x ¢ C(F) and so C(F)=A4 N B. The rest of the proof is
easy, the example being provided by G=R ®~ C,, and F=G\N.

LemMA 34. (i) If C is a strong prime subgroup of G, then C(F(C))=C.

(ii) If C is a minimal strong prime subgroup of G, then F(C) is a maximal prime
filter with respect to giving rise to a strong prime subgroup.

(iii) If F is a prime filter and C(F) is a strong prime subgroup of G, then
F< F(C(F)). If F is also an ultrafilter, then F=F(C(F)).

(iv) If F is a prime ultrafilter and C(F) is a strong prime subgroup of G, then
C(F) is a minimal strong prime subgroup of G.

The proof is routine.

If Fis a prime filter and C(F) is a strong prime subgroup of G, then F is said to
be a strong prime filter. Strong prime filters which are ultrafilters will be called
strong ultrafilters. Let %(G) be the collection of all prime subgroups of G and B(G)
the collection of all strong prime subgroups of G. Let €(G) be the collection of all
filters, ®(G) the collection of all prime filters and &(G) the collection of all strong
prime filters. Partially order these five sets by inclusion. Then

THEOREM 35. Let ¢: A(G) - &(G) be given by Co=F(C), where C e A(G).
Then ¢ is a (1:1) map and if m=@|B(G), then = is an order-inverting isomorphism of
B(G) onto &(G). If «: D(G) — U(G) is given by Fa=C(F), where F € D(G), then «
is a (1:1) order-inverting map and «|&(G)=n"1. If F is a strong ultrafilter, then F«
is a minimal strong prime subgroup of G. If C is a minimal strong prime subgroup of G,
then Co is a maximal element of €(G) (but not necessarily a strong ultrafilter).

This theorem gives the correspondence between prime filters and prime subgroups
for directed, interpolation groups.

7. A generalization of Lorenzen’s theorem to directed, interpolation groups. An
l-group G is said to be representable if and only if it is a subcartesian product of
o-groups, with the cardinal ordering (that is, there exists {H, : « € 4}, a family of
o-groups such that G is an l-subgroup of []{H, : « € 4}, and the projection of
G into H, is onto for all « € A). Lorenzen’s theorem states that G is a representable
l-group if and only if the polars of elements of G* are o-ideals of G. This is equivalent
to the carriers being invariant (see [15]).
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Since every antilattice which is an /-group is an o-group, the concept of ““repre-
sentable’’ can be ‘““extended” to directed, interpolation groups. A directed, inter-
polation group G will be called a subcartesian product of {H, : o € A}, a family of
directed, interpolation groups, iff G is a subgroup of [ | {H, : « € A4}, the projection,
m,, of G into H, is onto and ker (7,) € O(G) for each a € A. G is representable if
and 091y if G is “I’’-isomorphic (i.e., by a map which preserves all finite suprema
and infima which exist in G) to a subcartesian product of some family of anti-
lattices.

THEOREM 36. A directed, interpolation group G is o-isomorphic to a subcartesian
product of {H, : « € A}, a family of directed, interpolation groups, iff there exists
{N, : «€ A}, a family of o-ideals of G, such that GI[N,~,H, for all «€ A and
N {N, : @ € A}={0}. The o-isomorphism (of G) is an “I’-isomorphism iff for each
« € A, the o-isomorphisms of G|N, onto H, are “‘I”’-isomorphisms.

A directed, interpolation group G is irreducible iff whenever G is “I”’-isomorphic
to a subcartesian product of a family {K; : 8 € B} of directed, interpolation groups,
the projection = is (1:1) for some B, € B, i.e. G =~ Kj, for some B, € B.

In [12], P. Hall gave a definition of a monolithic group and defined the lith of a
group. Analogously, a p.o. group G is said to be monolithic if and only if
MN{KeOG) : K#{0}}#{0}. If G is a monolithic p.o. group, then lith (G)
=[1{K € O(G) : K#{0}} is the unique minimal (#{0}) o-ideal of G. In [12], P. Hall
gave an example of a group which has a unique minimal normal subgroup but is
not monolithic. Adapting his example, let G=V(4, R,) where R,=R for all e € A
and A=2Z- U {0} ordered by: « <Biff o, € Z ~ and o < Bin the usual total ordering
on Z-. G is an l-group (see [7]) and, for each c€ 4, M,={ge G : g,=0 if B|«
or B2 o} € O(G)\{0}. M, is the unique minimal o-ideal of G since --- <M _z=M_,
<M_,and, if N,={ge G : gz=0if B=«}2 M,, then {N, : « € A}=%,(G) (see the
proof of Theorem D of [11]). However, G is not monolithic as [ {M, : « € 4}
={0}. Indeed, N {M, : « € 4}={0}.

THEOREM 37. Let G be a directed, interpolation group. Then (1) — (2), (1) = (3),
(3) = (4) but 3)+ (2), (3) + (1) ((3) — (1) if G is a strong interpolation, directed
group) and (2) 4> (1), (2) 4> (3) even if G is an I-group, where

(1) G is monolithic,

(2) G has a unique minimal (#{0}) o-ideal,

(3) N{Ke O(G) : K#{0}}+#{0},

(4) G is irreducible.

Proof. Trivial—the example on p. 6 guarantees that (3) 4> (1).
The following lemma is of technical importance. Its proof is straightforward and
therefore omitted.

LemMA 38. If N € O(G), then O(GIN)={M|N : M € O(G) and Nc M}.
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Let & be a property of directed, interpolation groups. A directed, interpolation
group G is said to be RZ (residually ) if and only if G is “/”’-isomorphic to a sub-
cartesian product of directed, interpolation groups which have the property Z'. This
definition is based on P. Hall’s definition for groups.

THEOREM 39. Every directed, interpolation group is residually irreducible. Every
directed, strong interpolation group is residually monolithic.

Proof. Let G be a directed, interpolation group and g € G\{0}. As in [11], there
exists K, € 0(G) maximal in @(G) with respect to not having g as a member.
N {K, : g € G\{0}}={0} and G/K, is irreducible by Lemma 38, for each g € G\{0}.
By Theorem 36, G is residually irreducible. If G is a directed, strong interpolation
group, then G/K, is monolithic for each g € G\{0}.

The example on p. 6 shows that there exist nonresidually monolithic directed,
interpolation groups. This is unlike the group theory result (see [12]).

G is a regular directed, interpolation group iff p(g) < G for all ge G*.

LEMMA 40. Let G be a directed, interpolation group. The following are equivalent:
(1) G is regular.

(2) p(S) <G for all S<G.

Q) If —x+g+x€p(g) for some x € G, then g=0.

(4) The carriers of positive elements of G are invariant.

The proof is omitted since it is quite easy.
The next lemma leads to a generalization of Lorenzen’s Theorem.

LEMMA 41. Let G be a directed, interpolation group. If G is regular and irreducible,
then G is an antilattice. If G is an antilattice, then G is regular.

Proof. If G is regular and irreducible and b € p(a)* (a € G*), then, by Lemma 40,
p(a), p*(a) € O(G). In addition, p(a) N p%(a)={0} by Lemma 9(i). By Theorem 37,
(4) — (3), p(a)={0} or p*(a)={0}. But b € p(a) and a € p%(a) by Lemma 8(i). Hence
b=0 or a=0; so G is an antilattice.

If G is an antilattice, then J (G, {0})=2, so G is regular.

THEOREM 42 (GENERALIZATION OF LORENZEN’s THEOREM). If G is a directed,
interpolation group, then G is regular if and only if G is representable.

Proof. Suppose that G is regular. By Theorem. 39, every directed, interpolation
group is “/’’-isomorphic to a subcartesian product of irreducible, directed, inter-
polation groups. Since G is regular, each of the irreducible, directed, interpolation
groups is regular, as can be seen by the construction used in the proof of Theorem
39. By Lemma 41, G is representable.

The converse is immediate from Lemma 41.
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The following corollary gives the result proved by L. Fuchs in [9].
COROLLARY 42.1. Every abelian, directed, interpolation group is representable.

It should be noted that the construction given in Theorem 39 (which is crucial
to the proof given of Lorenzen’s Theorem) when applied to an /-group, G, gives G
l-isomorphic to a subcartesian product of irreducible /-groups. Lemma 41 now
gives; If G is a regular, irreducible /-group, then G is an ‘o-group. As a result,
Lorenzen’s Theorem for /-groups is recaptured.

Notice that by Lorenzen’s Theorem, Theorem 42 and the fact that if G is an
l-group then the /-group definition of polar is the same as that given in this paper,
it follows that an /-group is representable if and only if it is representable in the
sense given here.

8. o-simple directed, interpolation groups. In group th=ory, one problem which
has attracted a lot of study is characterizing simple groups. In the theory of p.o.
groups, two problems can be posed. The first is to characterize those directed,
interpolation groups which have no nontrivial o-ideals, and the second (which is
easier) is to characterize those directed, interpolation groups which have no
nontrivial normal, convex subgroups.

The second is easy to answer, provided the groups are abelian and weakly
semi-isolated. The answer is

If G is an abelian, directed interpolation, weakly semi-isolated group having only
the trivial convex subgroups, then G is an o-group and so o-isomorphic to a subgroup
of R. Indeed, if G is an abelian, weakly semi-isolated group without nontrivial convex
subgroups, then G is a trivially ordered group of prime order or a subgroup of R.

(If g€ G and g|0, then {g) is a convex normal subgroup of G and {g»#{0}.
Hence G is trivially ordered and clearly of prime order. If G is not of this form, then
G is an o-group. The rest of the theorem follows from a result of Hélder whose
proof is provided in [8].)

The first problem is more difficult, even when abelian, weakly semi-isolated,
directed, interpolation groups are considered. A p.o. group G is said to be o-simple
if and only if O(G)={G, {0}}.

THEOREM 43. If G is a directed, interpolation group which is o-simple, then G is
irreducible. If G is a representable directed, interpolation group which is o-simple,
then G is an antilattice. In particular, any o-simple, abelian, directed, interpolation
group is an antilattice.

Proof. The first part follows from Theorem 37, whereas the second part follows
from this, together with Theorem 42 and Lemma 41.

The last statement in Theorem 43 is known for p.o. vector spaces and is due to
L. Fuchs (see Riesz vector spaces and Riesz algebras, Queen’s Papers in Pure and
Appl. Math., no. 1).
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A p.o. group G is said to be strong o-simple if and only if €(G)={G, {0}}. Hence:
If G is a strong o-simple, directed, interpolation group, then G is an antilattice (since
{0} is prime). This gives an alternative proof to the last part of Theorem 43.

The o-simple, abelian antilattices can be very varied. They may or may not be
torsion-free, even if weakly semi-isolated. For example, let G=R®~ C, and
H,=R®” C, where ne Z*. G is torsion-free but no H, is. However, G and H,
(for all ne Z*) are abelian, o-simple, weakly semi-isolated antilattices. Indeed,
it is easy to see that

THEOREM 44. A directed, interpolation group is strong o-simple if and only if it is
an antilattice which is generated by any positive interval in its open interval topology.

For the rest of this section, an attempt will be made to show that in some sense,
all o-simple, weakly semi-isolated, abelian p.o. groups are of the form S@®~ T
where S is a group of real valued functions and T is a trivially ordered group.

Let G be an arbitrary p.o. group #{0}. By Zorn’s Lemma, there exist maximal
trivially ordered (convex) subgroups of G, provided that G is not trivially ordered.
g € G\{0} is said to be pseudo-positive if and only if A< g for all h € G such that h<0
and g’ € G\{0} is said to be a pseudo-identity if and only if h<g’'<ffor all h, fe G
such that A <0<J. This definition is due to L. Fuchs and originated in [9].

THEOREM 45. Let {K, : o € A} be the set of all maximal trivially ordered subgroups
of a p.o. group G which is not trivially ordered, and let K be the set of all pseudo-
identities together with 0. Then K is a normal trivially ordered subgroup of G and
K= N\ {K, : « € A}. If G is weakly semi-isolated, then K=\ {K, : « € A}.

Proof. Clearly, K is a normal trivially ordered subgroup of G. If K¢ K, for
some B € 4, choose k € K\K;. <k, K;) is a subgroup of G and so nk > g for some
g€ K,y and n e Z. Since nk € K, it follows that g <0. Therefore, K is not trivially
ordered, a contradiction. Consequently, K< () {K, : « € 4}.

If G is weakly semi-isolated and g€ () {K, : « € 4}, then either g=0 (whence
geK) or g#0. If g#0, let h>0. h+g ¢ K, for all « € 4 since each K, is trivially
ordered. If A+g<0, then g<0, which is impossible, and if ~+g|0, then <h+g)
is trivially ordered and so hA+ge<h+g)><K; some B e A—a contradiction. It
follows that A+g>0 and so g>k for all k € G such that k <0. Similarly, —g>k
for all k € G such that k<0. Hence g € K.

A p.o. group G is said to be dense iff f, g € G and f<g imply there exists h€ G
such that f<h<g.

THEOREM 46. If G is an interpolation group and K={g € G : g=0 or g is a pseudo-
identity}#{0}, then G and G|K are dense interpolation groups, G/K has no pseudo-
identities and no suprema or infima exist in G or G/K of unrelated elements. If G is
directed (semi-isolated), then so is G/K.
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THEOREM 47. If G is an abelian, semi-isolated group, then G can be o-embedded
in its divisible closure, G, where G* ={x € G : nx € G* for some ne Z*}. G is an
abelian, semi-isolated group. If G is a directed (interpolation), abelian, semi-isolated
group, then so is G.

THEOREM 48. If G is an abelian, divisible, semi-isolated group without pseudo-
identities, then G can be o-embedded in a mild cartesian product of divisible o-groups
(i.e., h>0iff h,>0 for all o € A).

The proofs of these theorems, which are generalizations of those in [9], are the
same as those given there; for this reason, they are omitted here. Theorem 48 is
proved as follows: For each g>0, let K, be a trivially ordered subgroup of G
maximal with respect to not containing g. G/K; is a divisible o-group and the
canonical map of G into the mild cartesian product of G/K, {K, : « € A} is the set
of all trivially ordered subgroups of G maximal with respect to missing some
g € G*\{0}) is an o-embedding.

If G is an abelian, weakly semi-isolated group and K is the subgroup of 0 together
with the pseudo-identities of G, then T(G)< K as was shown in [10], where T(G)
={ge G :g=0 or g is periodic}. G/K is semi-isolated under the induced order
and so can be o-embedded in its divisible closure by Theorem 47. Let H be the
divisible closure of G/K. Then H can be o-embedded in a mild cartesian product of
divisible o-groups which are dense by Theorem 48.

LemMA 49. (1) If G is an abelian, weakly semi-isolated group which is o-simple,
then so is G/K.

(2) G/K is o-simple if and only if H is o-simple. In this case, each factor of the
mild cartesian product given by Theorem 48 is o-simple and so is o-isomorphic to a
subgroup of R.

The proof is trivial—the fact that each factor is o-simple stems from the con-
struction given in the proof of Theorem 48.

If G is an abelian, weakly semi-isolated group without pseudo-identities, then
G is semi-isolated as it has no torsion elements (7(G)< K). Hence

THEOREM 50. If G is an o-simple, abelian, weakly semi-isolated group without
pseudo-identities, it can be o-embedded in a mild cartesian product of divisible sub-
groups of R.

If G has pseudo-identities, then G is a lexicographic sum of G/K over K, where
K is the subgroup comprising the pseudo-identities of G and 0. Consequently,
G can be o-embedded in a lexicographic sum of a mild cartesian product of o-
groups over a trivially ordered subgroup. Thus

THEOREM 51. If G is an o-simple, abelian, weakly semi-isolated group with
pseudo-identities, then G can be o-embedded in a lexicographic sum of a mild cartesian
product of divisible subgroups of R by a trivially ordered group.
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Notice, however, that this o-embedding into real valued functions on some trivially
ordered set—or a lexicographic sum thereof —may not be an embedding into an
o-simple p.o. group (if « is a limit ordinal, then [T* {R; : B<«} is not o-simple,
where R; (#{0}) is a divisible subgroup of R, for all 8 <a. (Let

L= {fe]_[*{Rﬂ 1B<a :}imf(ﬁ) = O}EO(H*{R, 1B < a})
and L#{0} or [ [* {R; : B<«a}.)). Thus the o-embedding leaves much to be desired.

9. An embedding theorem for directed, interpolation groups. In [13], Holland
proved that every /-group can be l-embedded in the order-preserving permutations
of a totally ordered set. In this section, his construction is imitated to prove that
every directed, interpolation group can be “/’’-embedded in the order-preserving
permutations of an antilattice set. Holland’s result is then recovered for /-groups.
The key to the construction is examining the set of right cosets of a prime subgroup.

Let G be a directed, interpolation group and C € €(G). A(C) is the group of all
order-preserving permutations of the p.o. set R(C) ordered by: 0=<m e A(C) iff
X £ X (in R(C)) for all X € R(C). It is easy to verify that

LEMMA 52. Let G be a directed, interpolation group and C € €(G). Consider the
map ¢: G — A(C) defined by (C+x)ge=C+x+g, for all x,geG. Then ¢ is an
“I”’-homomorphism of G onto Go and ker (p)<= C. Moreover, Gy is a directed sub-
group of A(C) that is transitive on R(C) (H is transitive on a p.o. set S iff for all
s, t € S there exists h € H such that sh=t).

Note that ker ()= {—x+C+x : x e G}. If Ce O(G), then C=ker (p) and
Gp~,G/C is a directed, interpolation group. However, if G is the nonabelian
o-simple o-group given in [5] and H=G @~ Z where Z is trivially ordered, let C’
be any convex subgroup of G other than G or {0}. Let C=C' @~ Z. Then H is a
directed, interpolation group and C is a convex d-subgroup of H which is prime.
In this case, ker (p)=Z (trivially ordered) so ker (p) is not directed. It is unknown
as to whether 4(C) is a directed group or an interpolation group, in general.
However

THEOREM 53. Let G be a directed, interpolation group. Then G is “I”’-isomorphic
to a subgroup of a cartesian product of directed p.o. groups {B, : g€ G and g £0},
such that each B, is a transitive subgroup of A(C,) for some prime subgroup C,.

Proof. Let g€ G and g£0. Let &, ={Bec¥(G) : BN %(g)=2}. <, satisfies the
hypotheses of Zorn’s Lemma, and so there exists C, which is maximal in . If
A, Be¥4(G), An B=C, and 4, B#C,, then there exist ac A* and b€ B* such
that a, b= g (since 4 and B are directed, a and b can be taken to be positive). Thus
a,b=g, 0 so there exists k € G such that a, b=k=g,0. Now ke 4 n B=C, and
k €%(g), a contradiction. Hence C, is prime, and by Theorem 23, R(C,) is an
antilattice set. Let ¢,: G — A(C,) be given by Lemma 52 and let B,=Ggp,. B, has
the requisite properties by the previous lemma. Let H=]]{B; : g€ G and g£0}
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with the usual cardinal ordering and let ¢: G — H be given by (g¢), =g, for each
g € G and each k € G such that k £0. Clearly ¢ is an “/”’-homomorphism of G onto
Go. Itis(1:1) (g ¢ C,forall g£0, and so {0}=( {C, : g € G and g £0}. By Lemma
52, ker (p,)< C,. But ker (p) =" {ker (¢,) : g € G and g £0}. Hence ker (p)={0}.)
and an o-epimorphism. (Assume gp=fp. Then f«g. If f| g, then g—f£0 and
C,_;+g—f<C,_; since gp = fp. Now there exists ¢ € C,_, such that g—f=<c; so
ceC,_; N % (g—f), a contradiction. Thus gjff; therefore g =<f) which completes
the proof, as ¢ is an “/”’-embedding of G into H.

THEOREM 54. If G is a directed, interpolation group, then G is “I’-isomorphic
to a subgroup of the group of all order-preserving permutations of an antilattice set.

Proof. Totally order the nonnegative elements of G, say {g, : s A}, where A
is a totally ordered set. Let C, be defined as in the proof of Theorem 53 and
S.=R(C,,). Without loss of generality, S, N S;=@ for all o, 8 € 4 such that a#8.
Let S=J{S, : « € A} and define s<¢iff se S, and t € S; and «<B or «=p and
s<tin S,. Sis an antilattice set with respect to this partial ordering. Let ¢, be as
in the proof of Theorem 53 and define ¢: G — K, where K is the group of all order-
preserving permutations of S, by: let s€ S, so s€ S, for a unique « € 4. Let
s(gp)=5(gp,,) € S,. Hence, if g € G, then go|S; has range S, for all B€ 4. ¢ is an
“I”-homomorphism of G into K, and, by the previous observation, ker (p)
=" {ker (p,,) : « € A}={0}, as in the proof of Theorem 53. As before, ¢ is an
o-homomorphism of G onto Ge. Gg is thus a directed, interpolation subgroup of
K and ¢ is an “/”’-embedding of G into K. Q.E.D.

To conclude this section, Holland’s original theorem is recovered.

CoROLLARY 54.1 (HOLLAND). If G is an I-group, then G is l-isomorphic to an
l-subgroup of the l-group of all order-preserving permutations of a totally ordered set.

Proof. It was noted after Theorem 23 that R(C) is a totally ordered set if C is a
prime subgroup of an /-group G. Consequently, each S, is a totally ordered set
and, therefore, so is S (notation of the proof of Theorem 54). Since ¢, given in the
proof of Theorem 54, is an “/”’-embedding of G into K, it is an /isomorphism
between G and Ge, an /-subgroup of the order-preserving permutations of the
totally ordered set, S. The proof is completed by the observation that if T'is a totally
ordered set, the order-preserving permutations of 7 form an /-group with the order-
ing given on p. 22.

In [13], Holland went on to prove, with the aid of the Generalized Continuum
Hypothesis, that every /-group can be /-embedded in a divisible /-group. E. C.
Weinberg improved on the result by showing that one need not assume the
Generalized Continuum Hypothesis to get the result (see [18]). Many other results
concerning l-groups are obtained from Corollary 54.1. These results are not readily
accessible for directed, interpolation groups because of the more complicated
structure of antilattice sets. In fact, the limitations in the study of directed,
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interpolation groups are owing to the lack of knowledge concerning antilattices.
The last two sections illustrate this point very clearly.

10. Concluding remarks and open questions. Let G be a directed, interpolation
group and let Aut (G) be the group of all o-automorphisms of G. C € €(G) is said
to be a shifting subgroup of G if and only if Cp=C or Cp N C={0} for all
@ € Aut (G) and a characteristic subgroup of G if and only if Cp=C for all
@ € Aut (G). Let K(G) be the set of all characteristic subgroups of G and 2(G)
the set of all shifting subgroups of G. G is said to be K-simple (characteristically
simple) iff K(G)={G, {0}}.

In [4], Byrd, Conrad and Lloyd examined the characteristic and shifting sub-
groups of an /-group G. In §§2, 3 and 4 of [4], results were obtained for a general
l-group G. From the results on polars in this paper, almost all of the theorems of
[4] from those sections hold with minor modifications for a directed, interpolation
group. The proofs are the same as those given in [4].

Problems. (1) Is #(G, C) a sublattice of 7 (G, C) for every directed, interpola-
tion group G and C € €(G)?

(2) Give a complete characterization of the o-simple abelian antilattices.

(3) Find necessary and sufficient conditions on an antilattice set S for the group
of all order-preserving permutations of S to be a directed, interpolation group.

(4) Can every semi-isolated, directed, interpolation group be “/’>-embedded in a
divisible, semi-isolated, directed, interpolation group?

(5) If G has a finite number of polars, then characterize the directed, interpola-
tion group G.

(6) Let V=V(4, R,) where A4 is an arbitrary p.o. set and R,=R for all ¢ € 4.
Give necessary and sufficient conditions for V to be characteristically simple.

(7) Which abelian p.o. groups (not necessarily weakly semi-isolated) have no
nontrivial convex subgroups?

With respect to Problem (5), it should be observed that if G is a directed, inter-
polation group with precisely n polars and H is an arbitrary directed, interpolation
group, then H®™ G is a directed, interpolation group with precisely n polars.
For this reason, it may be necessary to impose some extra conditions on G to
obtain any result.

With regard to Problem (6), it is easy to see that if 4 has a maximal or a minimal
element (i.e., there exists « € 4 such that a£ g for all Be 4 or a2 B for all B € A),
then V is characteristically simple if and only if 4 is a finite trivially ordered set.
In particular, this answers the problem in the case that 4 is finite. In general, 4 can
be expressed as the disjoint union of sets S; (# @) which have the property that if
y€ Sy, a€ Aand e 2y or e <y, then « € ;. If V' is characteristically simple, then there
can only be a finite number of S,’s and they are order-isomorphic. However, the S,’s
may have infinite trivially ordered subsets; for any cardinal m, the set of maximal
trivially ordered subsets of any S; is either empty or coinitial and cofinal in S,.
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In Problem (7), if G is a cyclic p.o. group, say G={g>, then G has no nontrivial
convex subgroups if and only if there exists m e Z* such that ng e G* for all
nzmorngeG* foralns—-mMmeZ+*VZ-).

Of course, in Problem (2), if the o-simple abelian antilattice is a p-group, then
the group is an o-group and so o-isomorphic to a subgroup of R.
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